Nowadays spectrum sharing of radar and communication has become a challenging problem. Dual-function radar and communication systems, in which radar and communication cooperatively share a joint transmit platform, have been studied as a solution for spectrum sharing. In this paper, we propose a joint transmit beamforming model for a dual-function multipleinput-multiple-output (MIMO) radar and multiuser MIMO communication sharing spectrum and antenna array. In the proposed dual-function system, the antenna array transmits the weighed sums of independent radar waveform and communication symbols to form multiple beams towards radar targets and communication users, respectively. An optimization problem is formulated to design the weighing coefficients to optimize the performance of MIMO radar transmit beamforming, under the constraint that the signal-to-interference-plus-noise ratio (SINR) at each communication user is higher than a given threshold. Despite the non-convexity of the proposed optimization problem, we prove that the problem can be converted to a convex one by zero-forcing the inter-user interference, and two efficient algorithms are developed to solve the problem. Compared with the previous work which only transmits communication symbols to synthesize radar transmit beam pattern, our method provides more degrees of freedom for MIMO radar and thus is able to obtain better performance of radar. Simulation results validate that our method obtains more focused radar beam pattern than the previous work under a given SINR constraint at users, demonstrating the advantages of the proposed method. It is also observed from simulation results that the proposed dualfunction scheme achieves approximate radar performance as the optimal radar-only scheme under reasonable communication quality constraints.
I. INTRODUCTION
Spectrum sharing between radars and wireless communications has become a realistic problem. Nowadays, military radars utilize numerous spectrum bands below 10GHz, like S-band (2-4 GHz) and C-band (4) (5) (6) (7) (8) . At the same time, spectrum congestion has becoming a serious problem which limits the throughput of wireless communications. Since the demand of communication capacities is growing rapidly, it is proposed that wireless communications share spectrum with radars to use wider spectrum bands [2] - [4] . Spectrum sharing This work was supported by the National Natural Science Foundation of China under Grant 61801258 and 61571260.
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Jie Zhou is with the Institute of Electronic Engineering, China Academy of Engineering Physics. means that the spectrum band of wireless communication devices overlaps with that of radar systems, thus allowing to utilize spectrum more effectively.
Based on whether the hardware systems of radar and communication are separated or shared, researches on spectrum sharing between radar and communication can be categorized into two major branches: co-existence of separate radar and communication systems [5] - [17] and dual-function systems [18] - [39] . The former employs techniques such as opportunistic spectrum access [5] , [6] , transmit interference nulling [7] , [8] , adaptive receive interference cancellation [9] - [12] and optimization based beamforming design [13] - [17] to mitigate the mutual interference. It is worth noting that most of the works above require that radar and communication systems cooperate by exchanging information, such as knowledge of the interference channel and radar waveform parameters [38] . However, it might increase the system complexity and need additional expenses to achieve the cooperation [38] . In the latter scheme, radar and communication share the transmit platform which achieves both functions simultaneously, as shown in Fig. 1 . An advantage of dual-function schemes over co-existence schemes is that radar and communication systems can share radio frequency (RF) front-end and aperture, thus reducing the cost and weight of hardware [40] . Moreover, radar and communication are naturally cooperated in a dual-function system, then no additional cost is required for cooperation.
Because of these mentioned advantages, this paper focuses on dual-function scheme. Early works on dual-function systems consider single-antenna systems. In [18] , a time-division based dual function system is studied. To achieve simultaneous dual function, several works employ an appropriate integrated waveform which can be utilized for both target detection and information transmission. For instance, orthogonal frequency division multiplexing (OFDM), which has been widely used in communication systems, is studied in [19] - [23] to explore its detection and imaging function. Linear frequency modulation (LFM), as a traditional radar waveform, is combined with continuous phase modulation (CPM) to carry communication information [24] - [27] . However, these schemes result in performance loss for either the radar or the communication [38] . For instance, LFM-CPM usually exhibits higher sidelobe than standard LFM [24] . Moreover, a common problem emerging in these single-antenna schemes is that radar systems with integrated waveform usually form a single directional beam, which illuminates the radar target inside the beam. Therefore, notable degradation in signal-to-noise-ratio (SNR) is experienced when the communication receivers are not physically located within the main-lobe of radar.
Recognizing this limitation of single-antenna schemes, recent works on dual-function systems employ multiple-inputmultiple-output (MIMO) systems, which provide higher degrees of spatial freedom, and can simultaneously synthesize multiple beams towards several communication users and radar targets. These studies can be divided into two categories: information embedding [28] - [35] and transmit beamforming [36] - [39] . In the information embedding scheme, radar is typically considered as the primary function, and the communication message is encoded into the MIMO radar waveform. Dual function systems considered in [31] , [32] embed communication bits by controlling the amplitude and phase of radar spatial side-lobe. The works in [28] - [30] propose to convey the message in the selection of active radar transmit antennas and the allocation of radar waveform across active antennas. Embedding data bits in the parameters of radar waveform, e.g. phase, employed antenna and frequency, can yield communications in the form of phase modulation [33] , spatial modulation [34] , and carrier frequency modulation [35] . However, such schemes carry a very limited number of communication symbols per radar pulse, usually yielding a low information rate in the order of radar pulse repetition frequency [38] .
The second approach for implementing MIMO dualfunction system, i.e. transmit beamforming, facilitating the cohabitation of radar and communication signals by synthesizing multiple beams towards several communication users and radar targets. As opposed to information embedding strategies, transmit beamforming enables each function to use its individual waveform, potentially supporting higher rate communications utilizing conventional modulation schemes [38] . In this approach, the main design goal is to allow both radar and communication to achieve optimal performance or meet given performance requirement with optimization method. Specially, in [36] , [37] , the array probing signal is designed to synthesize radar and communication waveform towards different directions. The method in [36] , [37] concerns with waveform synthesis at the main beam direction and cannot suppress the azimuth side-lobe of radar transmit beam pattern. Further, [38] extends the method in [36] , [37] to designing the array probing signal to match the radar transmit beam pattern and minimize the interference power at multiple users. However, the methods in [36] - [38] only minimize the interference power but do not consider the signal-to-interference-plusnoise ratio (SINR) optimization at communication users. As a consequence, there exists a performance loss of achievable rate for communication. In [39] , the multiuser beamforming model is applied, and the communication waveform is utilized as radar transmit waveform. In such a dual-function system, the available degree of freedom (DoF) for MIMO radar waveform is equal to the number of communication users, while the DoF in radar-only case can be up to the number of transmit antennas. When the number of users is less than the number of antennas, MIMO radar cannot utilize the full DoF. In some situations where the number of users is less than the necessary DoF for MIMO radar transmit beamforming, the lack of DoF may lead to significant distortion of radar beam pattern. Moreover, [39] models a non-convex optimization problem, which is solved by sub-optimal methods, leading to a local optimum in general.
In this paper, we design a transmit beamforming based dualfunction MIMO radar and communication system. Similarly with [39] , we perform transmit beamforming with the expectation to optimize the radar transmit beam pattern and the SINR at communication users. As opposed to [39] , our proposed joint transmitter jointly precodes both communication symbols and individual radar waveform, which extends the DoF for MIMO radar waveform to the number of antennas. With increased DoF of MIMO radar waveform, our scheme can obtain better radar transmit beam pattern than [39] , under the same SINR constraints at communication users. Previous scheme in [39] can be regarded as a special case of the proposed one by letting the radar waveform be zero. In addition, with zero forcing techniques, we convert our optimization models to convex ones, whose global optimum can be effectively obtained.
In contrast to co-existence of separate radar and communication systems, the proposed dual-function scheme reduces hardware cost and saves resources for cooperation. Since the radar receiver has complete knowledge on transmitted communication waveform, communication signals are also reused for target detection in our scheme, which makes our scheme more power-efficient than the co-existence schemes.
The rest of this paper is organized as follows. Section II proposes the system model. Section III introduces the performance metrics of MIMO radar and multiuser MIMO communication, respectively. Section IV establishes the optimization model for joint beamforming. In addition, two zeroforcing based algorithms are developed, so that the original optimization problem can be converted to convex problems and be solved efficiently. The simulation results are shown in Section V. Section VI draws a conclusion.
Notations: In this paper, (·) H , (·) c and (·) T denote Hermitian transpose, conjugate and transpose, respectively. Vectors are denoted by bold lower class letters and matrices are denoted by bold upper class letters. For a matrix A, the (i, j)-th elements of A is denoted by [A] i, j , and [A] 1:j denotes the sub-matrix containing the first j columns of A. We let I n and 0 m×n denote n-dimensional identity matrix and m × n zero matrices, respectively. We use E(·) to represent expectation. For an integer n > 0, the set consisting of all n dimension complex positive semidefinite matrices is denoted by S + n .
II. SIGNAL MODEL
Consider a transmit array shared by a colocated monostatic MIMO radar system and a multiuser MIMO communication system in Fig. 1 . In our work, the radar and communication system function simultaneously by joint beamforming. The system diagram of our joint beamforming transmitter is shown in Fig. 2 (a), demonstrating that in our signal model the transmitter transmits the weighted sums of communication symbols and radar waveform. Assume that this array has M antennas, and the discrete-time transmit signal of this array at time index n is denoted by
Here, the M-dimension vector s[n] = [s 1 [n], . . . , s M (n)] T includes M individual radar waveforms, and the M × M matrix W r is the beamforming matrix (or precoder) for radar waveform. In (1), c[n] = [c 1 [n], . . . , c K [n]] T is a K dimension vector including K parallel communication symbol streams to be communicated to K users, respectively. The M × K matrix W c is the precoder for communication. We note that the scheme in [39] can be regarded as a special case of our scheme by letting the radar waveform be zero, namely transmitting only communication symbols, as demonstrated in Fig. 2 
Without loss of generality, we make the following assumptions: 1) Radar waveform and communication symbols are wide-sense stationary and are zero-mean; 2) Communication symbols are independent with radar waveform, then
3) The communication symbols to different users are statistically independent, then
4) These individual radar waveform are generated by pseudo random coding [41] - [45] , and are statistically independent with each other, then
Here, both radar waveform and communication symbols are normalized to have unit power, and their real power is included in the precoder W r and W c .
In the problem of joint transmit beamforming, the precoders W c and W r are to be jointly designed in consideration of the system performance. The performance metrics of MIMO radar and multiuser MIMO communication will be discussed in detail in the next section. In real systems, the precoders should satisfy some practical constraints. Here, we require that the transmit waveform satisfies the per-antenna power constraint, namely that the transmit power of each antenna is identical. The per-antenna power constraint meets the intuition that radar should transmit with its maximal available power [46] , and has also been applied in multi-antenna communication systems [47] - [49] . We note that the per-antenna power constraints can be directly modified to other power constraints, such as total power constraints, according to the requirement of hardware systems.
Define the covariance of transmit waveform as
Substituting (1)-(4) into (5) yields the covariance R as
Then the per-antenna power constraint can be expressed as
where P t is the total transmit power, for m = 1, . . . , M. Under this constraint, we will discuss the radar and communication metrics for precoder design in the subsequent subsections of the next section, respectively.
III. PERFORMANCE METRICS OF RADAR AND

COMMUNICATION
Based on the signal model of joint transmit beamforming, performance metrics of MIMO radar and multiuser MIMO communication for precoder design will be introduced in Subsection III-A and III-B, respectively. For MIMO radar, the precoder is designed to synthesize transmit beams towards radar targets of interests, whose locations are known a priori. For multiuser MIMO communication, the precoder is designed to guarantee the receiving SINR at communication users.
A. MIMO radar metric
We assume that MIMO radar works in tracking mode and the coarse locations of the targets are known. The goal of MIMO radar is to direct the transmit beam towards these known locations so that one can obtain more information of these targets. To this aim, we first derive the transmitted signal at each direction, and then develop a loss function evaluating the transmit beam pattern. Combining the loss function and the per-antenna power constraint, we achieve an optimization problem accounting for the radar performance.
In our joint radar communication scheme, the communication signals can also be used for target detection since the radar receiver has complete knowledge on transmit communication waveform. In this way, communication signal is not regarded as interference at the radar receiver. Under the assumption that transmit waveform is narrow-band and the propagation path is line of sight (LoS), the baseband signal at direction θ can be expressed as
where a(θ) is the array steering vector of direction θ. According to [46] , the goal of MIMO radar transmit beamforming includes: 1) Optimize the transmit power at given targets' directions, or generally match a desired beam pattern; 2) Decrease the cross correlation pattern among signals at several given targets' directions, which is essential for the performance of adaptive MIMO radar techniques. Here, the transmit power (beam pattern) at directions θ is
and the cross correlation pattern between direction θ 1 and θ 2 is defined as
From (9) and (10), one finds that both transmit beam pattern and cross correlation pattern are determined by the covariance R. Then, MIMO radar transmit beamforming can be achieved by first designing an optimal covariance [46] , [50] .
To this aim, we use the loss function in [46] to evaluate the radar performance, which is the weighted sum of two parts: beam pattern error and cross correlation. In particular, the first part is the mean square error (MSE) between the obtained beam pattern and ideal beam pattern, which is given by
where α is a scaling factor, d(θ) is the given ideal beam pattern, and {θ l } L l=1 are sampled angle grids. The second part is the mean square of cross correlation pattern expressed as
where {θ p } P p=1 are the given targets' directions. The summation is normalized by 2 P 2 −P , because there are P 2 −P 2 pairs of directions. Then the loss function of radar is
where w c is the weighting factor for cross correlation pattern. As discusses in [46] , the loss function L r (R, α) can be derived as a quadratic function of R and α. Finally, the optimal covariance in radar-only case can be calculated by minimizing the loss function of radar under perantenna power constraint [46] 
We denote the optimal covariance of this problem by R 0 . Generally, the performance requirement of multiuser MIMO communication, which will be interpreted in Subsection III-B, cannot be satisfied if the covariance of transmit waveform is R 0 . In other words, there will be a performance loss of radar with the existence of communication compared with the radar-only case. To address the communication performance of our joint radar communication system, we discuss the communication metric in the next subsection.
B. Multiuser MIMO communication metric
We design the precoders of MIMO transmission to optimize the SINR at users. To this aim, we first present the communication signal model, and derive the expression of SINR with respect to the precoders (for radar and communication signals) and the channel matrix, followed by the final criterion accounting for communication performance.
Consider a down-link multiuser MIMO transmission scenario where each of the K users has a single receive antenna. Assume that K < M. We describe the channel between transmit and receive antennas by a K × M matrix H . Then, the K users receive
where v[n] is additive white Gaussian noise (AWGN) with covariance σ 2 I K .
In multiuser transmit beamforming, the precoder is designed in consideration of SINR at users. Here it is assumed that the transmit array knows the instantaneous downlink channel H . In time-division duplex mode, the downlink channel and uplink channel are reciprocal, and the downlink channel can be obtained via uplink channel estimation. In frequency-division duplex mode, downlink channel can be obtained via channel feedback from users [51] . Define the equivalent radar-to-user channel and equivalent inter-user channel matrices as
respectively. Since the users are generally not able to cooperate with each other, the off-diagonal elements of F c lead to interuser interference. At the same time, since the users generally do not have any prior information on radar waveform, F r leads to interference from radar. At the k-th user, the signal power
the power of inter-user interference is
and the power of interference from radar is
Therefore, the SINR at the k-th user is expressed as
Two typical design criteria for multiuser beamforming are [52] , [53] • throughput: maximizing the sum rate
• fairness: maximizing the fairness SINR
In this work, we choose fairness SINR F(γ) as the performance metric for multiuser communication and require that fairness SINR is higher than a given threshold Γ to guarantee the communication service quality at each user, i.e.
Moreover, the fairness beamforming is simpler in terms of computation complexity and can be solved in polynomial time, while the optimal throughput beamforming is NP hard [52] . We note that in the formulated joint beamforming problem in Section IV, the fairness SINR constraints can be directly extended to individual SINR constraints [54] , which is expressed as
Here, Γ k is the SINR threshold at the k-th user. Given both criterion for radar and communication performance, we are now ready to develop the joint transmit beamforming scheme in the next section.
IV. JOINT TRANSMIT BEAMFORMING
With the proposed MIMO radar and communication performance metrics, we first formulate the joint transmit beamforming as an optimization problem with respect to precoding matrices in Subsection IV-A. To solve this problem efficiently, we then propose two zero-forcing schemes in consideration of inter-user interference and radar interference in Subsections IV-B and IV-C, respectively.
A. Problem formulation
The goal of the joint beamforming problem is to optimize the radar beam pattern under the transmit power and communication service quality constraints. In particular, we minimize the loss function on radar beam pattern defined in (13) , under the per-antenna power constraint (7) and the fairness SINR constraint (21) for each downlink user.
Let W = [W c , W r ] be the overall precoding matrix. Then the precoding matrix can be obtained by solving the following optimization problem
where (23a)-(23c) come from (14) addressing the radar performance, and (23d-23e) are based on (16) and (21) considering the fairness SINR requirement.
Here, selection of the threshold Γ affects the trade-off between the communication quality and radar performance. When Γ = 0, (23d) and (23e) always hold, and the joint radar-communication beamforming problem (23) reduces to the radar-only optimization (14) . Larger Γ guarantees that transmitter can send information bits to each user with higher rate. Compared with the radar-only transmit beamforming problem in (14) , the precoder W is restricted by the SINR constraints in (23e). In this way, there will be a performance loss of MIMO radar in order to meet the performance guarantees of communication, compared with the radar-only case. If higher Γ is set, higher signal power and lower interference power is expected at users, then the restriction on the percoders becomes tighter. As a result, the performance loss of MIMO radar becomes more significant if higher Γ is set.
We also note that (23) is not convex and is hard to solve. To efficiently solve this problem, we apply a sub-optimal technique, zero-forcing beamforming, which has a solution with simple structure [53] , [55] , while its throughput performance is asymptotically optimal [56] . By invoking the zero-forcing beamforming, we will show that (23) can be converted to a convex problem. Specifically, two zero-forcing schemes are introduced in consideration of nulling some entries of F c and F r . Recall that matrices F c and F r represent the equivalent inter-user and radar-to-user channels, respectively. The offdiagonal elements in F c and entries of F r lead to interference from other communication users and radar, respectively. In the first zero-forcing scheme, we eliminate the inter-user interference by setting the off-diagonal elements in F c to zeros. The second scheme sets both the inter-user interference and radar interference to zeros, in order to further simplify the solution. These two schemes are presented in detail in the following Subsection IV-B and IV-C, respectively.
B. Joint transmit beamforming with zero-forced inter-user interference (ZF-IU)
In this subsection, we apply the zero-forcing beamforming to solve (23) , which is sub-optimal, by eliminating the inter-user interference completely, namely restricting F c to a diagonal matrix, i.e.
where p k is the signal power at the k-th user, for 1 ≤ k ≤ K.
In this case, the SINR at the k-th user in (20) becomes
Then, the SINR constraint in (23e) can be written as
for k = 1, . . . , K.
The problem (23) is converted to
which still has a complex structure. Nevertheless, it can be converted to a convex problem. The hidden convexity can be revealed by exploring the feasible condition of (27b) and (27d) as stated in the following theorem. 
Proof. See the Appendix.
Theorem 1 indicates that constraints (27b) and (27d) are equivalent to
where R f = F r F H r . And the constraint (27e) is given by
Based on (29) and (30), we find that problem (27) is equivalent to
This optimization model (31) is a semidefinite quadratic programming (SQP) problem, which is convex, because the target function is quadratic and all the constraints are either linear or semi-definite. The global optimum of (31) can be obtained in polynomial time [57] - [59] .
Given the solution R, p and R f for (31), we then calculate the precoding matrix W . A thorough interpretation of the procedures to compute W can be found in the proof of Theorem 1 as presented in the Appendix. Here, we briefly give the final expressions. First, calculate L r and F r by Cholesky decomposition R = L r L H r and R f = F r F H r , respectively. We note here that arbitrary matrices satisfying R = L r L H r and R f = F r F H r can be used to calculate W , so L r and F r are not necessary to be lower triangular matrices. Let F = diag( √ p), F r and we compute the precoder W as
where Q h and Q f are obtained by applying row QR decomposition to H L r and F, using (49) and (51) In problem (31), the value of SINR threshold Γ affects the performance of MIMO radar transmit beamforming. When Γ = 0, namely that there is no requirement on SINR at users, (31d) and (31e) always hold, and the joint radarcommunication beamforming problem (31) reduces to the radar-only optimization (14) . If Γ goes to zero, the radar loss function converges to its optimal value in radar-only case. The feasible region of covariance R becomes smaller with the increment of Γ. Then the optimal value of radar loss function increases as Γ increases. In other words, the performance of radar becomes worse if higher SINR at users is expected.
C. Joint transmit beamforming with zero-forced inter-user and radar interference (ZF-IU-R)
In addition to nulling the inter-user interference, we further let the interference from radar be zero in this subsection, i.e. restricting that
This idea origins from two facts. First, when SINR at users are required to be high, e.g. in some high speed communication scenarios, both inter-user interference and interference from radar are naturally expected to be eliminated. The simulation results presented later in Section V will show that the performance of this scheme is almost identical to that of the previous zero-forcing transmit beamforming (31) when the SINR threshold is high. Second, as a special case of the aforementioned zero-forcing transmit beamforming problem (27) , this scheme can still be converted to a convex problem with less complexity than (31) , which is demonstrated in the sequel. Given the condition F r = 0 in (33), the constraint (26) is reformulated as
and the corresponding optimization problem (27) becomes
Following the similar technique used in the Subsection IV-B, we reformulate (35) to a convex problem. By letting R f = F r F H r = 0 in (29), (30) and (31), we can rewrite (35) as
Note again that problem (36) is a SQP, and its optimal solution can be obtained in polynomial time. The optimization variable R f in problem (31) becomes zero matrix in (36) . Problem (36) is simpler than problem (31) , since the number of variables and semidefinite constraints is less in (36) . With the obtained R by solving (36) , we then calculate W . The same as Algorithm 1, we first compute L r and Q h by applying Cholesky decomposition and row QR decomposition of R and H L r , respectively. When calculating Q f , we find that the analytic expression can be obtained, i.e. Q f = I M+K , thanks to the simple structure of F = [diag( p), 0 K×M ]. This avoids the row QR decomposition of F as in the Step 5 of Algorithm 1, thus easing the computational load. Substituting Q f = I M+K into (32) yields
We summarize the ZF-IU-R algorithm in Algorithm 2. There is less computation burden of Algorithm 2 than Algorithm 1, because both the optimization of R and the calculation of W become simpler.
Algorithm 2 Joint transmit beamforming with zero-forced inter-user and radar interference (ZF-IU-R) Input:
Total transmit power P t ; Power of AWGN at users σ 2 ; Expression of the MIMO radar loss function L r (R, α); Instantaneous downlink channel H ; SINR threshold Γ.
Output:
The overall precoding matrix W .
Steps:
1: Compute the optimal value of R by solving optimization problem (36) with convex optimization tools. 2: Compute the Cholesky decomposition of R as R = L r L H r . 3: Given H L r , calculate Q h with the row QR decomposition (49) shown later in the Appendix. 4: Compute the overall precoding matrix W with (37) .
We then discuss the impact of Γ on the optimization results of (36) . The loss function of radar also decreases with the decrement of Γ, which is the same as the original optimization problem (23) and the ZF-IU scheme (31) . However, there are two phenomenons which are different from previous approaches (23) and (31): 1) When Γ goes to zero, the radar performance achieved from (36) is generally distinct from the radar-only optimum; 2) Actually, the radar loss function remains constant and does not decrease anymore if Γ is lower than some value.
To reveal the phenomenon 1), we rewrite (36) in the case
Here, we note that this formulation is distinct from the radaronly optimization problem (14) , because an additional constraint (38d) is imposed on R, namely that H RH H should be a diagonal matrix. However, the optimal radar-only covariance R 0 may not satisfy this constrain, i.e. H R 0 H H is not a diagonal matrix. If R 0 is not a feasible solution of problem (38) , the optimal performance of radar cannot be achieved by solving (38) .
To see the phenomenon 2), we denote the optimal solution for (38) by {R II , α II , p II }. Given p II , we can calculate the obtained fairness SINR as
In problem (36) , if the given Γ is not greater than Γ II , i.e. 0 ≤ Γ ≤ Γ II , the constraint (36e) always holds and can be regarded as inactive to the solution {R II , α II , p II }. Then {R II , α II , p II } is still a feasible solution for (36) and is also the optimum of (36) . Thus, the minimized radar loss function is equal to L r (R II , α II ).
Here we compare the two proposed zero-forcing beamforming methods. The key difference between them is whether to completely eliminate radar interference, thus ZF-IU-R can be regarded as a special case of ZF-IU. Since the joint beamforming is performed by optimizing the radar performance under some constraint on the communication service quality, the radar performance achieved by ZF-IU-R is usually inferior to that of ZF-IU. However, the performance gap becomes negligible with reasonably large Γ, because the radar interference is expected to be eliminated under strict constraint on SINR. And in this case ZF-IU-R is more preferable since its corresponding SQP problem has a much simpler form. To explain the performance gap when the chosen Γ is low, we note that it is unnecessary to completely eliminate the radar interference, which restricts the precoder in the null space of H , i.e. H W r = 0. Thanks to the more degrees of freedom for designing W , ZF-IU enjoys better radar performance. In addition, as Γ goes to zero, the radar performance of ZF-IU goes to the optimal radar-only performance, while the radar performance of ZF-IU-R cannot and stays constant when Γ is lower than some value.
V. NUMERICAL RESULTS
A. Preliminaries
In this section, results of numerical experiments are presented to examine performance of the proposed joint beamforming methods, i.e. ZF-IU and ZF-IU-R, respectively. The transmit beam pattern of MIMO radar and its MSE are calculated to test the achieved radar performance by these two methods. Here, the beam pattern MSE is defined as the MSE between the obtained MIMO radar transmit beam pattern and the optimal radar-only beam pattern, which is written as
where P(θ l ; R 0 ) is the optimal radar-only beam pattern with R 0 obtained from (14) . The angle estimation performance is also evaluated to test the performance of MIMO radar. Least square (LS) Capon method proposed in [60] was utilized to calculate the spatial spectrum from transmit and received signals, and then the angle of targets are estimated by finding the peaks of spatial spectrum. The angle estimation performance is evaluated by the root-mean-square-error (RMSE)
where θ p is the real angle andθ p is the estimated angle for the p-th target, for p = 1, . . . , P. The experiments were performed with different Γ and K to test the impact of these parameters on the performance of the proposed joint beamforming methods. The CVX toolbox [61] , [62] in MATLAB is used to solve SQP problem (31) and (36) . We compare our ZF-IU-R scheme with the scheme in [39] , in which only communication symbols are precoded. Specially, we use gradient projection method to solve the sumsquare penalty problem under per-antenna constraint in [39] . The trade-off relationship between obtained beam pattern MSE and fairness SINR is evaluated for comparison.
Considering that the proposed optimization problem (31) and (36) are not always feasible, we checked feasibility of the two problems with CVX toolbox for each instance of H . Feasible probability of the problems is investigated given the statistical distribution of channel H . To calculate the feasible probability under a given Γ and K, we ran multiple Monte Carlo tests. The feasible probability is calculated by dividing the number of feasible tests by the total number of tests.
In all the experiments, we used the following settings. The transmit array is a unit linear array with half wavelength space. The number of transmit antennas is M = 10, the total transmit power P t = 1, the power of AWGN at communication users is σ 2 = 0.01. For MIMO radar transmit beamforming, the ideal beam pattern consists of three main beams, of which the directions are θ 1 = −40 • , θ 2 = 0 • and θ 3 = 40 • . The width of each ideal beam is ∆ = 10 • . Then the ideal beam pattern is
In (11), the direction grids {θ l } L l=1 is sampled from −90 • to 90 • with equal space 0.1 • . In (13) , the weighting factor w c = 1. In our simulations, Rayleigh channel is considered, namely that the elements of H satisfy the i.i.d. standard complex normal distribution. The simulations were conducted for SINR threshold Γ varying from 4dB to 24dB and number of users K = 2, 4, 6. In the sum-square penalty problem in [39] , the weighing factors are ρ 1 = 1, ρ 2 = 2 and the given SINR at users are Γ 1 = · · · = Γ K = Γ. The individual radar waveform and communication symbols are both generated by random quadrature-phase-shift-keying coding, and the total number of snapshots for transmit signal is N = 1024. There are three radar targets which locate at direction θ 1 , θ 2 and θ 3 , respectively. These targets are in the same range resolution bin and their radar cross section are all 1. The transmit array receives echo signal from targets, which is corrupted with AWGN with power σ 2 r = 1. For each value of Γ and K, 1000 Monte Carlo tests were run and the average results were calculated.
B. Results demonstration
First, we observed the transmit beam patterns of MIMO radar with different Γ and fixed K = 4. The transmit beam patterns for Γ = 4 dB and Γ = 16 dB are displayed in Fig. 3  and 4 , representing the low and high SINR constraints, respectively. The ideal beam pattern and optimal radar-only beam pattern are also displayed for comparison. Compared with the optimal radar-only beam pattern, we find from both figures that the main-lobe power of the joint beamforming scheme is lower and the side-lobe power of the joint beamforming scheme is higher. This result reveals the performance loss of MIMO radar to function as a communication transmitter at the same time. In Fig. 3 , when SINR constraint is low, it is also found that performance loss of ZF-IU-R scheme is higher than ZF-IU-R scheme. In the scheme of ZF-IU-R, the radar interference always needs to be completely eliminated, namely H W r = 0 even if Γ is low. This additional constraint limits the DoF of W r and introduces the performance loss compared with ZF-IU scheme. When SINR becomes large, as shown in Fig. 4 , the transmit beam patterns of these two schemes are almost identical. In high SINR setting, the radar interference is expected to be eliminated so performance of the two schemes is close. Comparing Fig. 3 and 4 , we find that the obtained transmit beam pattern is more close to the optimal radar-only beam pattern if lower Γ is set. This result indicates that the performance loss of MIMO radar can be reduced if the restriction on communication quality is relaxed. The relationship between radar-interference-to-noise ratio at the first user obtained by ZF-IU scheme and the SINR threshold Γ is shown in Fig. 5 , for K = 2, 4, 6. As Γ increases, power of radar interference decreases to guarantee better SINR at users. If Γ is high enough, the power of radar interference may become much lower than noise power and can be almost ignored. Therefore, it is reasonable to completely eliminate the radar interference and use the ZF-IU-R scheme. If Γ is low, power of radar interference is much higher than noise power. In this case, the SINR constraint can still be satisfied with the existence of radar interference. Therefore, there is no need to eliminate the radar interference under low SINR condition. If Γ is low, the ZF-IU-R scheme leads to radar performance loss compared with ZF-IU scheme to completely eliminate radar interference. Next, we investigated the impact of SINR threshold Γ and user number K on beam pattern MSE and the result is shown in Fig. 6 . Lower beam pattern MSE means better performance of MIMO radar transmit beamforming. As expected, the beam pattern MSE increases with the increment of Γ. The result in Fig. 6 validates three characters of the proposed joint beamforming schemes: 1) If Γ is low, radar performance of ZF-IU is better than ZF-IU-R; 2) If Γ is high, radar performance of the two proposed zero-forcing beamforming schemes is identical; 3) As Γ is lower than some value, radar performance of ZF-IU-R stays constant. The beam pattern MSE also increases with the increment of number of users K. It is observed that the impact of K on beam pattern MSE is more significant than the impact of Γ.
In the simulation, it is found that (31) and (36) are feasible or infeasible simultaneously, so their feasible probability are the same as shown in Fig. 7 . It is observed that the feasible probability decreases with the increment of the number of users and SINR threshold. For practical application, the SINR threshold shoule be carefully set. If the given threshold is too high, the two problems may be infeasible and our method will fail to return any meaningful solution. Nevertheless, this result shows that the feasibility can almost always be ensured if Γ is lower than some value with Rayleigh channel. We also note that this infeasible situation can be avoided if one changes the SINR constraints into a part of penalty functions, i.e. (31a) or (36a), as with the scheme in [39] . We may remain this for future investigation. Our proposed ZF-IU-R scheme is compared with the sumsquare penalty approach in [39] in Fig. 8 . As discussed before, the MIMO transmit beam pattern is determined by the covariance of transmit waveform. Therefore, we define the DoF for MIMO radar transmit beamforming as the rank of covariance. In the sum-square penalty approach, only communication symbols are precoded and the DoF is restricted by K, namely that the rank of covariance cannot exceed K. In contrast, in our scheme both communication symbols and radar waveform are precoded so the DoF can be up to M, namely that the covariance can have full rank. We solved (14) with CVX toolbox and found that rank of optimal radar-only covariance R 0 is 4. In other words, the required DoF to achieve the optimal performance of radar is 4. As a result, if K < 4, the sum-square penalty approach does not have enough DoF to form a a beam pattern comparable to the optimal radar beam patterns. This inference is supported by the result for K = 2. It is observed that our scheme outperforms the sum-square penalty approach significantly for K = 2, since the available DoF in our scheme is M = 10 > 4. When K = 4, our scheme still outperforms the sum-square penalty approach although it does not suffer from the lack of DoF. Explanations for this phenomenon include: 1) The sum-square penalty problem is non-convex and the obtained solution may be a local optimum; 2) In the sum-square penalty problem, the radar lost function, defined as R−R 0 2 F , does not directly reflect the performance of radiation beam pattern, which is sub-optimal.
Lastly, the impact of SINR threshold and number of users on angle estimation performance of MIMO radar for ZF-IU-R scheme is investigated. The relationship between angle estimation RMSE and γ is shown in Fig. 9 , for K = 2, 4, 6. The angle estimation RMSE in radar-only case is also displayed for comparison. As Fig. 9 shows, the angle estimation RMSE tends to increases with the increment of Γ. If K = 2, the angle estimation performance of joint beamforming is almost identical to the performance in radar-only case, indicating that the proposed dual function achieves angle estimation performance close to that of the radar-only scheme. The RMSE of angle estimation slightly increases if more communication users are under service.
VI. CONCLUSION
In this paper, we proposed a joint beamforming model for MIMO radar and multiuser MIMO communication sharing spectrum and transmit array. The precoders of individual radar waveform and communication symbols are designed to optimize the performance of MIMO radar transmit beamforming with SINR constraints at communication users. To solve the proposed optimization problem efficiently, we applied two zero-forcing techniques: 1) beamforming with zero-forced inter-user interference; 2) beamforming with zero-forced interuser and radar interference. We proved that both of the two zero-forcing beamforming problems can be solved by convex semidefinite quadratic programming. Simulation results showed that the radar beam patterns and angle estimation performance obtained by the proposed dual-function system is comparable to those of the optimal radar-only scheme. We also observed the advantage of our method over the previous dualfunction work that precodes only multiuser communication symbols from simulations. The performance enhancement is significant especially when the number of communication users is less than the required DoF of MIMO radar transmit beamforming.
APPENDIX
The proof of the necessity is direct. When the conditions (27b) and (27d) hold, one has
i.e. (28) holds, proving the necessity. Next, we prove that condition (28) is also sufficient. Assume that condition (28) holds, and later we will complete the proof by constructing a W that satisfies (27b) and (27d). To this aim, we recall that the QR decomposition [63] of a n × m matrix B with n ≥ m is defined as
where U a is a m × m upper triangular matrix, P ′ a is a n × m matrix with orthogonal unit columns, and P a is a n × n unitary matrix. And then we define the row QR decomposition a m×n matrix A = B T with m ≤ n as
where L a = U T a is a m×m lower triangular matrix, Q ′ a = (P ′ a ) T is a m × n matrix with orthogonal unit rows, and Q a = P T a is a n × n unitary matrix, i.e. Q a Q H a = Q H a Q a = I n .
We note that 
Observing the left hand side of (28), we start the proof by writing the Cholesky decomposition of R as
and writing the row QR decomposition to H L r as
where note again that Q h is a M × M unitary matrix and L h is a K × K lower triangular matrix. Applying (47) , we rewrite the left hand side of (28) as
The right hand side of (28) can be simplified as diag ( p) + F r F H r = FF H with the definition F = diag( √ p), F r .
Applying row QR decomposition to F yields
and then
according to (47) . In (51), Q f is a (M + K)-dimension unitary matrix and L f is a K × K lower triangular matrix.
Here, we note that both H RH H and FF H are positive definite given p > 0, indicating that the diagonal elements of L h and L f are all non-zero real numbers. We normalize the diagonal elements of L h and L f to be positive real numbers in row QR decomposition.
Since L h and L f are lower triangular matrices, we find that (50) is the Cholesky decomposition of H RH H , and (52) is the Cholesky decomposition of FF H . From (28), i.e. H RH H = FF H , we have
because the Cholesky decomposition of a positive definite matrix is unique [63] . We can construct the matrix W as
to satisfy (27b) with Q w a M × (M + K) matrix obeying Q w Q H w = I M . Since we also require W to meet (27d), the matrix Q w should satisfy that
To this aim, the matrix Q w is constructed as according to (46) . Thus, the matrix W is computed as
Using (58), we can calculate W from R and F with L r , Q h and Q f obtained by applying some matrix decomposition, i.e. (48), (49) and (51), respectively.
To prove (27b) and (27d), we substitute (58) (53), and ( f ) is from (51) . Therefore, the condition (28) is also sufficient, completing the proof.
